Abstract. We construct an infinite-dimensional symplectic 2-groupoid as the integration of an exact Courant algebroid. We show that every integrable Dirac structure integrates to a "Lagrangian" sub-2-groupoid of this symplectic 2-groupoid. As a corollary, we recover a result of Bursztyn-CrainicWeinstein-Zhu that every integrable Dirac structure integrates to a presymplectic groupoid.
Introduction
In the late 80's, T. Courant and A. Weinstein [2] introduced the notion of Dirac structure as a way of unifying Poisson, symplectic, and presymplectic structures. An important ingredient in the definition of Dirac structure is a bracket, now called the Courant bracket, defined on the direct sum of the spaces of vector fields and 1-forms on a manifold. In the 90's, Z. Liu, Weinstein, and P. Xu [7] formalized the properties of the Courant bracket in the definition of a Courant algebroid.
For any manifold M , the standard Courant algebroid over M is the bundle T M ⊕ T * M , equipped with following structures on its space of sections X(M ) ⊕ Ω 1 (M ):
(1) the symmetric bilinear form given by X 1 + ξ 1 , X 2 + ξ 2 = ξ 2 (X 1 ) + ξ 1 (X 2 ), and (2) the Courant bracket, given by
A (twisted) Dirac structure is a subbundle of T M ⊕ T * M that is maximally isotropic with respect to the bilinear form ·, · and whose sections are closed under the (twisted) Courant bracket. When the Courant bracket is restricted to a Dirac structure, the skew-symmetry anomaly disappears, making the Dirac structure into a Lie algebroid. In [1] , H. Bursztyn, M. Crainic, Weinstein, and C. Zhu showed that, if the Lie algebroid associated to a Dirac structure is integrable in the sense of [3] , then the Lie groupoid carries a natural closed (or H-closed, in the twisted case), multiplicative 2-form, making it a presymplectic groupoid.
In this article, we study the integration problem for Courant algebroids, which was one of open problems raised by Liu, Weinstein, and Xu [7] : "Open Problem 5. What is the global, groupoid-like object corresponding to a Courant algebroid? In particular, what is the double of a Poisson groupoid?"
From the work ofŠevera [10] , it is expected that the solution to this problem is a symplectic 2-groupoid. Recently, the authors [8] , D. Li-Bland and P. Sěvera [6] , and Y. Sheng and C. Zhu [12] independently constructed 2-groupoids integrating certain subclasses of Courant algebroids, with the standard Courant algebroid being the common element of all three subclasses. For these constructions, the term "integration" can be justified by showing that the Courant algebroid structure can be recovered viaŠevera's 1-jet construction [11] .
An important question that has remained unaddressed is how a symplectic 2-groupoid integrating a Courant algebroid is related to the presymplectic groupoids integrating the Dirac structures that sit inside the Courant algebroid. In fact, one can easily find examples showing that the symplectic 2-groupoids of [8] , [6] , and [12] are not large enough to contain all the presymplectic groupoids arising from Dirac structures. In this article, we show that this problem can be resolved, at the cost of working with infinite-dimensional manifolds.
We construct, for any manifold M , an infinite-dimensional Lie 2-groupoid, i.e. a Kan simplicial (Banach) manifold {X • } for which the horn fillings are unique in degrees greater than 2. For any closed H ∈ Ω 3 (M ), we obtain a natural multiplicative symplectic 2-form ω H 2 on X 2 , making {X • } into a symplectic 2-groupoid, which we call the Liu-Weinstein-Xu 2-groupoid, or LWX(M ) for short.
A brief description of LWX(M ) in low degrees is as follows. The space of "0-simplices" is LWX 0 (M ) = M . The space LWX 1 (M ) of "1-simplices" consists of bundle maps from the tangent bundle of the standard 1-simplex to T * M . An element of the space LWX 2 (M ) of "2-simplices" is given by a quadruplet ([f ], ψ 0 , ψ 1 , ψ 2 ), where [f ] is a class of maps from the standard 2-simplex to M , modulo boundary-fixing homotopies, and where each ψ i is an element of LWX 1 (M ) whose base map is the ith edge of f . In order to endow LWX(M ) with a smooth structure, we require the maps to have certain fixed orders of differentiability; the details are in Section 2.
Our most significant results arise from the observation that LWX(M ) has a natural symplectic 2-form ω
is the simplicial coboundary map. This structure seems to be specific to the case of exact Courant algebroids, so it does not appear in the general theory sketched out in [10] .
We associate to any integrable Dirac structure a sub-2-groupoid of LWX(M ) whose 1-truncation can be identified with the Lie groupoid integrating the Dirac structure. We prove that the pullback of ω H 2 vanishes on this sub-2-groupoid; as a result, we can deduce that the pullback of ω H 1 descends to the 1-truncation, inducing an H-closed, multiplicative 2-form on the Lie groupoid integrating the Dirac structure. This 2-form precisely coincides with the one constructed by Bursztyn, Crainic, Weinstein, and Zhu [1] . We can thus view the Liu-Weinstein-Xu 2-groupoid as being the geometric origin of presymplectic groupoids.
We prove that the sub-2-groupoid associated to a Dirac structure is in fact Lagrangian at the "units" of the 2-groupoid. We conjecture that it is Lagrangian everywhere, and we prove the conjecture in a special case. We believe that the Lagrangian property is the origin of the nondegeneracy condition in [1] and therefore deserves further study.
Another issue that we do not address here is that of the relationship between LWX(M ) and the finite-dimensional symplectic 2-groupoids of [6, 8, 12] . Clearly, there should be a notion of equivalence between symplectic 2-groupoids, but the precise nature of the equivalence remains an open question.
Organization of the paper. In Section 2, we construct an infinite-dimensional simplicial manifold {C • (M )} associated to any manifold M . We show that {C • (M )} can be truncated to an infinite-dimensional Lie 2-groupoid, which we denote LWX(M ). In Section 3, we construct canonical symplectic forms ω i on LWX i (M ) for i = 1, 2, as well as twisted versions ω H i associated to any closed 3-form H on M . In particular, we show that the relations (1.1) are satisfied. In Section 4, we construct a simplicial manifold {G • (D)} associated to any Dirac structure D, whose 1-truncation is the Lie groupoid G integrating the Dirac structure. There is a natural inclusion map G • (D) ֒→ C • (M ), and we show that the pullback of ω 2 vanishes, implying that ω 1 induces a presymplectic structure on G. Finally, in Section 5, we show that the image of G 2 (D) in LWX(M ) is Lagrangian at the units and conjecture that it is Lagrangian everywhere.
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Construction of LWX(M )
In this section, we describe the construction of the Liu-Weinstein-Xu 2-groupoid, by first constructing an infinite-dimensional simplicial manifold, and then truncating it to obtain a Lie 2-groupoid.
The basic idea of the construction in this section goes back to D. Sullivan [13] . The application of Sullivan's idea to the integration problems in Poisson geometry was described byŠevera [9, 10] , using the language of N Q-manifolds. In this section, we describe a direct construction that does not require any knowledge of supergeometry.
2.1. A simplicial manifold. Let M be a manifold. Recall that, if X is a manifold and E π − → M is a vector bundle, then a map φ : X → E is said to be of class C p,q if φ is C q and π • φ is C p . Clearly, if this is the case, then it is necessary that p ≥ q. Fix p ≥ q. For each integer n ≥ 0, let C n (M ) denote the set of C p,q bundle maps from T ∆ n to T * M , where ∆ n is the standard n-dimensional simplex in R n .
Proof. Let T * n M be the n-fold direct sum of T * M . That is,
Then we may use the standard trivialization T ∆ n = ∆ n ×R n to obtain a one-to-one correspondence between bundle maps ϕ : T ∆ n → T * M and mapsφ : ∆ → T * n M . Specifically, given such a ϕ, we obtainφ by evaluating ϕ on the standard basis vectors of R n . This correspondence preserves order of differentiability, in that ϕ is C p,q if and only ifφ is C p,q . The statement immediately follows from the fact that the space of C p,q -maps from ∆ n to T * n M is a Banach manifold. There is a cosimplicial manifold structure on {T ∆
• }, obtained by applying the tangent functor to the standard cosimplicial manifold {∆
• }. Thus there is an induced simplicial manifold structure on {C • (M )}. For each n, we will use d i :
We note that C 0 (M ) = M , and that Proof. For each n, let S n (M ) denote the set of C p maps from ∆ n to M . It is known (see, for example, [5, Lemma 5.7] ) that {S • (M )} is a Kan simplicial manifold. There is a natural projection map {C • (M )} → {S • (M )}, so, by [5, Lemma 2.8] , it suffices to show that this map is a Kan fibration. In this setting, the Kan fibration condition is as follows.
For 0 ≤ ℓ ≤ n, let Λ n,ℓ , applied to any simplicial manifold, denote the space of ndimensional horns where the ℓth face is omitted. There is a natural map
whereφ is the underlying base map of ϕ. The Kan fibration condition requires that this map be a surjective submersion for all ℓ and n, which we will prove using a method similar to that used in [5, Lemma 5.7] .
Let f : ∆ n → M be a C p map, and let ψ i :
) that is compatible with f . For each nonempty I ⊂ {0, . . . , n} {ℓ}, let F I ⊂ ∆ n denote the (n−|I|)-dimensional subface whose vertices are {0, . . . , n} I. As a result of the horn compatibility conditions, the maps ψ i induce well-defined C p,q maps ψ I : T F I → T * M . For each I, let p I : ∆ n → F I be the affine projection map collapsing the vertices in I onto ℓ. Fix a Riemannian metric on M . Then, for each t ∈ ∆ n , we may use parallel transport along the image of the line from t to p I (t) to identify T * f (t) M with T * f (pI (t)) M . We now define a map ϕ : T ∆ n → T * M with base map is f , given by
It is clear by construction that ϕ is C p,q , and it follows from the identities satisfied by the projection and face maps that d i ϕ = ψ i for each i = ℓ. This proves surjectivity.
To show that the map is a submersion, we observe that, under a sufficiently small change in f , we can use parallel transport to accordingly change any horn filling ϕ, and under a change in {ψ i }, we can apply the above construction to the difference to accordingly change ϕ. This process gives a local section through any ϕ ∈ C n (M ).
Recall that an n-groupoid is a Kan simplicial set for which the horn-fillings are unique in dimensions greater than n. A Lie n-groupoid is a Kan simplicial manifold satisfying the same condition.
Duskin [4] introduced a truncation functor τ ≤n which may be applied to a Kan simplicial set {X • } to produce an n-groupoid. It is defined as follows: 
If, furthermore, X n /∼ is a manifold, then τ ≤n X is a Lie n-groupoid. 
Proof of Theorem 2.4.
Without loss of generality, we will assume that M is connected.
Proof. Surjectivity follows from the assumption that M is connected. To prove that the map is a submersion, we will describe a way to construct local sections.
Recall that C 1 (M ) can be identified with the space of C p,q paths on T * M . Let ψ be such a path. Choose a Riemannian metric on M , and, for i = 1, 2, let U i be a neighborhood of d i ψ for which the exponential map is a diffeomorphism. Using the exponential map and parallel transport along the base pathψ : [0, 1] → M , we may then identify the neighborhood
we may (again using parallel transport) view v(t) := (1 − t)v 0 + tv 1 as a vector field alongψ. By exponentiatingψ in the direction of v(t) and parallel transporting the cotangent vectors of ψ, we obtain a path
. This process provides a well-defined local section through ψ.
Let B(M ) be defined as the space of "triangles" of paths in
Proof. Recall (see, for example, [5, Lemma 4.4] ) that Banach manifolds are closed under fiber products where one of the maps is a surjective submersion. Since the face maps of a simplicial manifold are surjective submersions, the horn space
We may view B(M ) as the fiber product over M × M of C 1 (M ) and Λ 2,1 (C(M )), where the fiber product imposes the latter two equations in (2.1). Since this fiber product involves the surjective submersion
Lemma 2.7. The map π B is a surjective submersion.
Proof. Surjectivity is clear, since the edges of any map from ∂∆ 2 to M can be lifted to zero maps T ∆ 1 → T * M . Choose a Riemannian metric on M . For any map f : ∂∆ 2 → M , we can use the exponential map to identify any sufficiently close maps with liftsf : ∂∆ 2 → T M . Given such a lift, we can use parallel transport along the exponential paths to translate any element of B(M ) whose base map is f . This process gives a local section of π B .
There is a natural "1-skeleton" map ν :
The map ν is invariant under the equivalence relation that defines
Let B 0 (M ) be the connected component of B(M ) consisting of elements β for which π B (β) is contractible. Clearly, the image of ν is contained in B 0 (M ). Thus, we see that ν induces a mapν :
There is another map π C :
, taking ϕ to its base mapφ. An equivalence between elements ϕ, ϕ ′ ∈ C(M ) induces a boundaryfixing homotopy betweenφ andφ ′ , so π C descends to a map from LWX 2 (M ) to S 2 (M )/ ∼ , where the equivalence relation is boundary-fixing homotopy. We observe that S 2 (M )/ ∼ is a covering of the component of contractible maps in C p (∂∆ 2 ; M ) and is therefore a Banach manifold
Proof. Throughout this proof, we will assume that a choice of Riemannian metric on M has been fixed, and we will implicitly use parallel transport to identify cotangent spaces at different points along paths in M .
We will first show that (ν, π C ) is surjective. Let (ψ 0 , ψ 1 , ψ 2 ) be in B 0 , and let f be a compatible map in C p (∆ 2 ; M ). Using the standard trivializations of ∆ 1 and ∆ 2 , we can identify each ψ i with a path in T * M , and we can identify C 2 (M ) with the space of C p,q maps from ∆ 2 to T *
, let β i be the path in T * 2 M with the same base path as ψ i , given by
These paths agree at the endpoints, in that β 2 (0) = β 0 (1), β 0 (0) = β 1 (0), and β 1 (1) = β 2 (1), so they form a well-defined map β :
2 M for which the base map is f . By construction, we have thatν(ϕ) = (ψ 0 , ψ 1 , ψ 2 ) and π C (ϕ) = f .
Next, we will show that (ν, π C ) is one-to-one. Suppose that ϕ, ϕ ′ are elements of
. By a process similar to the proof of surjectivity, one can construct a map from ∂∆ 3 to T * 3 M which, if it could be extended to a map ζ : ∆ 3 → T * 3 M , would satisfy the conditions of an equivalence between ϕ and ϕ ′ . The assumption that π C (ϕ) and π C (ϕ ′ ) are in the same boundary-fixing homotopy class guarantees that such an extension ζ does exist (and can be chosen to have the same order of differentiability as the boundary), proving that ϕ and ϕ ′ represent the same element of LWX 2 (M ).
Theorem 2.4 follows directly from Lemmas 2.6-2.8. 
Symplectic structures
In this section, we describe how the canonical symplectic form on T * M induces symplectic structures on LWX 1 (M ) and LWX 2 (M ).
3.1. Multiplicative forms and truncation. Let X • be a Kan simplicial manifold, and let α be a differential form on X n for some n. Recall that the simplicial coboundary of α is defined as
We say that α is multiplicative if δα = 0.
Proposition 3.1. If α is multiplicative, then α is basic with respect to the quotient map X n → (τ ≤n X) n .
Proof. Recall that the quotient is defined by the equivalence relation where x ∼ y if and only if there exists z ∈ X n+1 such that d n z = x, d n+1 z = y, and d i z ∈ im(s n−1 ) for 0 ≤ i < n. In this case, it follows that
From the definition of the equivalence relation, we can see that a vector v ∈ T X n is tangent to a fiber of the quotient map if and only if there exists a vectorṽ ∈ T X n+1 such that (d n+1
Therefore, if α is multiplicative, then any vector tangent to a fiber of the quotient map is in ker α. If α is multiplicative, then dα is also multiplicative, and any vector tangent to a fiber of the quotient map is also in ker dα. Since both α and dα annihilate vectors tangent to the fibers, we conclude that α is basic.
3.2.
Lifting differential forms. Recall that, for each n, the space C(M ) consists of C p,q bundle maps from T ∆ n to T * M . For ϕ ∈ C n (M ), a tangent vector at ϕ is given by a C p,q lift X : T ∆ n → T T * M that is linear over T M :
For each pair of tangent vectors X, Y ∈ T ϕ C n (M ), we can use the canonical symplectic form ω can on T * M to obtain a function η n X,Y on T ∆ n , given by
Proposition 3.2. The function η n X,Y is linear and can therefore be identified with a 1-form on ∆ n .
Proof. The result is a direct consequence of the linearity property of ω can with respect to the bundle structure of T * M → M .
For n = 1, the operation (X, Y ) → ∆ 1 η 1 X,Y is bilinear and skew-symmetric, and so it determines a 2-form ω 1 ∈ Ω 2 (C 1 (M )). For n = 2, we can also define a 2-form ω 2 ∈ Ω 2 (C 2 (M )) by the formula
Proposition 3.3. ω 2 is the simplicial coboundary of ω 1 .
Proof. For i = 0, 1, 2, let σ i : ∆ 1 → ∆ 2 be the ith coface map (which is essentially dual to the face map d i ). For any X, Y ∈ T ϕ C 2 (M ) and v ∈ T ∆ 1 , we have that
Using (3.3), we see that
The result then follows from (3.2) and (3.4).
Proof. Let λ can denote the tautological 1-form on T * M , satisfying the property ω can = −dλ can . We can use λ can to induce forms on the mapping spaces in a manner similar to the construction of ω 1 and ω 2 . Specifically, for X ∈ T ϕ C n (M ), let θ n X be the function on T ∆ n given by
. Because of the linearity property of λ can , we have that θ n X is a linear function and can therefore be identified with a 1-form on ∆ n . Then, let λ 1 ∈ Ω 1 (C 1 (M )) and λ 2 ∈ Ω 1 (C 2 (M )) be defined by
The proof of Proposition 3.3, with appropriate modification, can be used to show that λ 2 = δλ 1 . We claim that ω 1 = −dλ 1 (and, since d commutes with δ, therefore ω 2 = −dλ 2 ). We can check it locally in M , as follows.
Let (x i , p i ) be canonical coordinates on a neighborhood in T * M . Any C p,q bundle map ϕ : T ∆ 1 → T * M is locally described by the pullbacks f i := ϕ * (x i ) and ξ i := ϕ * (p i ), where f i ∈ C p (∆ 1 ) and ξ i ∈ C q linear (T ∆ 1 ) can be identified with 1-forms on ∆ 1 . A tangent vector X ∈ T ϕ C 1 (M ) is locally given by (v i , χ i ), where the v i and χ i are functions and 1-forms, respectively, on ∆ 1 . We can locally describe λ 1 by the formula
The directional derivatives of λ 1 are given by
from which we obtain the result
3.3.
A symplectic 2-groupoid. The notion of symplectic 2-groupoid was defined in [6, 8] . We somewhat imprecisely state the definition as follows:
Definition 3.5. A symplectic 2-groupoid is a Lie 2-groupoid {X • } that is equipped with a closed, multiplicative 2-form ω ∈ Ω 2 (X 2 ) satisfying a nondegeneracy condition.
In Definition 3.5, we have intentionally left the content of the nondegeneracy condition ambiguous. Li-Bland andŠevera [6] required the 2-form to be genuinely nondegenerate, so that (X 2 , ω) is a symplectic manifold. In [8] , a weaker condition was stated, where the kernel of ω is required to be controlled in a certain way by the simplicial structure. For our present purposes, it will suffice to use the genuine nondegeneracy condition; however, since we are dealing with Banach manifolds, we only require weak nondegeneracy.
Since 
does not vanish, thereby proving the (weak) nondegeneracy of ω 2 on LWX 2 (M ).
3.4. 3-form twisting. Let H be a 3-form on M . In this section, we describe how H can be used to twist the 2-forms ω 1 and ω 2 .
For ϕ ∈ C n (M ), let f : ∆ n → M be the base map underlying ϕ :
n → T M be the respective base maps (see (3.1)). We can use H to obtain a 1-form H n X,Y on ∆ n , given by
for s ∈ ∆ n . We then define 2-forms φ Proof. In local coordinates on M , write H =
The integral of the first term on the right side of (3.6), together with its cyclic permutations, is equal to
The integral of the second term on the right side of (3.6), together with its cyclic permutations, is (3.8)
Putting (3.7) and (3.8) together, we have
or, in other words,
Integration of Dirac structures
In this section, we study the geometry of integration of Dirac structures in relation to the Liu-Weinstein-Xu 2-groupoid.
4.1.
A-path integration. Let D be a Dirac structure in an exact Courant algebroid (T M ⊕ T * M, H). Letting ρ be the canonical projection from T M ⊕ T * M to T M , we have that (D, ρ) forms a Lie algebroid. The integration of (D, ρ) via "A-paths" was studied in [3, 1] .
In this section, we will construct a simplicial manifold {G • (D)} that connects the A-path integration of a Dirac structure to {C • (M )}. First, we briefly review the A-path construction.
Define P (D) to be the space of C 2,1 paths α :
It is proved in [3, Lemma 4.6] that P (D), which is called the space of A-paths, is a Banach manifold.
Recall that C 1 (M ) can be identified with the space of all C p,q maps from ∆ 1 → T * M . Taking p = 2 and q = 1, we have a natural, smooth inclusion map ι 1 :
To construct a groupoid integrating D, one needs to impose the homotopy relation on A-paths; we refer to [3, Definition 1.4 ] for the precise definition. Crainic and Fernandes proved [3, Theorem 2.1] that the quotient G := P (D)/∼ is a sourcesimply-connected topological groupoid. In general, G could fail to be smooth, and necessary and sufficient conditions for D to be integrable to a Lie groupoid were obtained in [3, Theorem 4.1].
We will now describe a simplicial manifold associated to a Dirac structure D. For simplicity, we will assume that D is integrable to a Lie groupoid, although many of the results will carry through in the general case.
For each n ≥ 0, let G n (D) denote the set of C 2 groupoid morphisms from the pair groupoid ∆ n × ∆ n to G. There is a natural simplicial structure on {G • (D)}, induced by the cosimplicial structure of {∆
• }.
Lemma 4.1. The space G n (D) is a Banach manifold.
Proof. Given a C 2 groupoid morphism Σ : ∆ n × ∆ n → G, we define a C 2 map σ : ∆ n → G by the equation σ(w) = Σ(w, 0). We observe that σ satisfies the following two properties:
• σ(0) is a unit of G, • σ(w) is in the same source-fiber as σ(0) for all w ∈ ∆ n .
Conversely, given any C 2 map σ : ∆ n → G satisfying the above properties, we may obtain Σ ∈ G n (D) by setting Σ(w 1 , w 2 ) = σ(w 1 )σ(w 2 ) −1 , so we have a one-to-one correspondence.
We will now show that the space of σ satisfying the above properties (and hence G n (D)) is a Banach manifold. Let s : G → M denote the source map. Since s is a submersion, we have that s −1 (x) is a submanifold of G for each x ∈ M , so C 2 (∆ n ; s −1 (x)) is a Banach manifold. Consider the evaluation map ev 0 :
. It is not difficult to check that ev 0 is a surjective submersion between Banach manifolds. Therefore, C 2 (∆ n ; s −1 (x)) 0 := ev
As σ(∆ n ) is compact and the map s : G → M is submersive, we have that G(D) n near σ is locally a product of a neighborhood of σ in C 2 (∆ n , s −1 (x)) 0 and R dim(M) . This shows that G n (D) is a Banach manifold. Remark 4.2. We point out that, since G might not be a Hausdorff manifold [3] , it is possible for G n (D) to be non-Hausdorff as well.
Following the approach of the proof of Lemma 4.1, one can show that the horn maps are surjective submersions, thereby completing the proof of the following statement. For any Σ ∈ G n (D), we may apply the Lie functor to obtain a C 2,1 Lie algebroid morphismΣ from T ∆ n to D; in fact, this process gives a one-to-one correspondence, since G and the pair groupoid ∆ n × ∆ n are both source-simply-connected. When n = 1, this correspondence allows us to identify G 1 (D) with the A-path space P (D). Furthermore, when we consider the truncation τ ≤1 G(D), the equivalence imposed by the truncation corresponds to homotopy equivalence of A-paths (see [3, Propositions 1.1, 1.3] ). In other words, (τ ≤1 G(D)) 1 can be identified with G = P (D)/∼ . Thus we see that G can be recovered from {G • (D)} by truncation.
To connect
Superficially, it may seem that F • discards the information about the T M -component ofΣ; however, the fact thatΣ is a Lie algebroid morphism implies that the T Mcomponent can be recovered by applying the tangent functor to the underlying map ∆ n → M . We therefore see that F • is injective.
The following diagram of Kan simplicial manifolds summarizes the various relationships we have described.
4.2. Presymplectic 2-form. In Section 3.2, we introduced 2-forms ω i , as well as their twisted versions ω H i , on C i (M ) for i = 1, 2. In this subsection, we study the relationship of these 2-forms to the simplicial manifold {G • (D)} associated to a Dirac structure D. Our main results are as follows.
Together with the results of Section 3 (specifically, Propositions 3.1, 3.8, and 3.9), Theorem 3.10 implies the following result. Remark 4.6. In Corollary 4.5, we recover one of the main results of [1] . However, [1] showed that the 2-form on G satisfies an additional property that controls the extent to which it is degenerate. It remains unclear how this property arises from the inclusion (4.1), but we expect that it is related to the Lagrangian property discussed in Section 5.
In the remainder of this section, we will prove Theorem 4.4. For simplicity, we assume H = 0. The extension to the general case is straightforward and left to the reader.
It suffices to check the statement locally on a coordinate chart of M . On such a chart, let ( 
Let n = dim M . Since the rank of the Dirac structure D is n, we can locally find linearly independent sections
The following properties hold by definition of Dirac structures: 
Using the characterization of Lie algebroid morphisms in terms of differentials, we have that a bundle map Ψ : T ∆ 2 → D is a Lie algebroid morphism if and only if
A tangent vector on G 2 (D) at Ψ is given by a collection of C 2 functions v i on ∆ 2 , representing a vector field along f , and C 1 1-forms µ α , satisfying the following equations, which are obtained by differentiating (4.8) and (4.9):
The induced tangent vector on C 2 (M ) is given by (v i , χ i ), where
Putting this into (4.3), we obtain the formula
where
is a 1-form on ∆ 2 . We claim that dΞ = 0, which will imply Theorem 4.4. The proof will proceed as follows. First, we can use (4.8)-(4.11) to write dΞ in terms of f , ψ α , v i , v ′i , µ α , µ ′α , and the various structure functions. Second, we can collect terms that are of similar type with respect to the µ's and ψ's. We will see that each group of terms vanishes as a result of (4.4)-(4.7).
Terms of type
, which vanishes by the isotropy condition (4.4).
which vanishes by the integrability condition (4.6)-(4.7). Because of skew-symmetry, the coefficient of ψ α ∧ µ ′β will similarly vanish.
plus terms that are antisymmetric in i, j. This is equal to
again plus terms that are antisymmetric in i, j. We can recognize this expression as
which vanishes by the integrability condition (4.6)-(4.7).
Remark 4.7. We observe that the proof of Theorem 4.4 does not rely on the assumption that D is maximally isotropic. Therefore, the result applies to any isotropic subbundle of T M ⊕ T * M satisfying the integrability condition (4.5). The next section aims to address the question of what distinguishes the isotropic case from the maximally isotropic case.
Dirac structures and Lagrangian sub-2-groupoids
In Section 4, we considered the geometry of the inclusion F At the level of tangent vectors, the truncation map τ ≤2 has the effect of pulling back to ∂∆
2 . In what follows, let j : ∂∆ 2 → ∆ 2 be the natural inclusion map. To prove that T x L D is coisotropic, we will show that, if any tangent vector (v ′i , χ From (5.7) and (5.9), we see that j * v ′i and j * χ ′ i indeed take the desired form of (5.3) and (5.5).
